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Borcherds Generalized Kac-Moody Lie algebra Denominator formula
IV







$L$ lattice $L\simeq \mathrm{Z}^{n+2}$ 2
$(, )$ : $L\cross Larrow \mathrm{Z}$
$(2, n)$
$D=\{\omega\in \mathrm{P}(L\otimes \mathrm{C}) : (\omega,\overline{\omega})>0, (\omega, \omega)=0\}$
$D$ $n$ IV 2 disjoint union
$\Gamma$ $O(L)$ $D/\Gamma$
Borcherds cusps modular form $f$ . IV
$\Psi$ , $\Psi$ $f$







2 $(1, 1)$ lattice, $\Lambda$ Leech lattice
24 lattice $L=U\oplus M$ , $M=U\oplus\Lambda$
$L$ $(m, n, k, l, \lambda)$ $(m, n)\in U$ $(k, l, \lambda)\in M,$ $\lambda\in\Lambda$ ,
$(m, n)^{2}=2mn$ , $(k, l)^{2}=2kl$
$D\subset\{(1, -(v, v)/2, v) : v\in M\otimes \mathrm{C}\}$
$H^{+}=\{\tau\in \mathrm{C} : Im(\tau)>0\},$ $q=e^{2\pi\sqrt{-1}\tau}$
$\Delta(\tau)=q\prod_{n>0}(1-q^{n})^{24}=\sum\tau(n)q^{n}$
$f=1/ \Delta(\tau)=\sum c(n)q^{n}=q^{-1}+24+324q+\cdots$






(-2)-vectors $\rho=(1,0, \mathrm{O})\in M$
Weyl vector Lie algebra simple roots
$\{r\in M : r^{2}=-2, (r, \rho)=1\}$ $\cup$ $\{n\rho : n>0\}$
122
$\Psi$ $r$ positive roots $(v, r)=0$
$v\in D$ $<0$
$c((r, r)/2)\neq 0$ $=-2$
$\Psi$ $v$ Fake Monster Lie algebra
(Borcherds [Bl]) $\Psi$ cusp (1, 0, 0, 0, 0)
Fourier $\Psi$ ( holomorphic automorphic form weight
$c(0)/2=12$
$H= \sum_{r}H_{r}$





\Re dual pair $(SL_{2}(\mathrm{R}), O_{2,n}(\mathrm{R}))$
lattice $L$ $\theta(\tau, v)$





lattice $L$ unimodular $(L^{*}=Hom(L, \mathrm{Z})-\sim L$ $L$
unimodular ) -R
$A_{L}=L^{*}/L$
$f$ vector-valued modular form










$E_{8}$ $E_{8}$ Cartan $1\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{e}_{\text{ }}U(2),$ $E_{8}(2)$
bilinear form 2 lattice
$D=\{\omega\in \mathrm{P}(N\otimes \mathrm{C}) : (\omega,\overline{\omega})>0, (\omega, \omega)=0\}$
$r\in N$ $=-2$
$\ovalbox{\tt\small REJECT}=\{\omega\in D : (\omega, r)=0\}$ , $H=\cup\ovalbox{\tt\small REJECT}$




$q_{N}$ : $A_{N}arrow \mathrm{F}_{2}$
$b_{N}$ : $A_{N}\mathrm{x}A_{N}arrow \mathrm{F}_{2}$







$\psi$ : $D/\Gammaarrow \mathrm{P}^{185}$






$T=(\begin{array}{ll}\mathrm{l} \mathrm{l}0 1\end{array})$ , $S=(\begin{array}{ll}0 -\mathrm{l}\mathrm{l} 0\end{array})$
$SL(2, \mathrm{Z})$ $SL(2, \mathrm{F}_{2})\simeq S_{3}$
$SL(2, \mathrm{Z})$ 187 $SL(2, \mathrm{Z})$
$o(A_{N})$ $\mathrm{C}[A_{N}]$ $O(A_{N})$ $\mathrm{C}[A_{N}]^{SL(2,\mathrm{Z})}$
1 186
$\mathrm{C}[A_{N}]^{SL(2,\mathrm{Z})}$ vector-valuded weight 0 modular form
GritsenkO-Borcherds lifting ([B4], Theorem 14.3) t , $D$
$\Gamma$ weight $4(=(10-2)/2)$ $O(A_{N})$
186 $O(A_{N})$-equivariant
” ”





$t_{\alpha}$ ; $xarrow x+b_{N}(x, \alpha)\alpha$
$r\in N$ $r/2\mathrm{m}\mathrm{o}\mathrm{d} N=\alpha$ (-4)-vector $r$ \iota
$s_{r}$ : $varrow v+(v, r)r/2$
$A_{N}$ 5
non-isotropic vectors $A_{N}$ 5 $V$
$V$ maximal totally isotropic subspace $W$ 4 $W$ $A_{N}$
maximal totally isotropic subspaces 2 $W^{+},$ $W^{-}$
$f_{V}= \sum_{\alpha\in W\dagger}e_{\alpha}-\sum_{\alpha\in W^{-}}e_{\alpha}$
$f_{V}\in \mathrm{C}[A_{N}]^{SL(2,\mathrm{Z})}$
$t_{\alpha}(f_{V})=-f_{V}$ , $\alpha\in V$
$f_{V}$ lifting weight 4 $F_{V}$
$O(A_{N})$-equivariant transvection
$F_{V}(s_{r}(v))=-F_{V}(v)$






$H_{r}=\{v\in D : (v, r)=0\}$






weight $124=248/2$ $=2^{2}\cdot 31$ $\Psi$
$( \Psi)=\sum_{\alpha\in A_{N},q_{N}(\alpha)=1}?\{_{\alpha}$
$A_{N}$ $V$ $3^{3}\cdot 5\cdot 17\cdot 31$
$V$ non-isotropic vectors $2^{4},$ $A_{N}$ non-isotropic
vectors $2^{4}(2^{5}-1)=2^{4}\cdot 31$
$\prod_{V}F,/.\Phi^{3^{3}\cdot 5\cdot 17}$
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